Motivated by both concepts of R.J. Adler's recent work on utilizing Clifford algebra as the linear line element ds = γµ dX µ , and the fermionization of the cylindrical worldsheet Polyakov action, we introduce a new type of spacetime quantization that is fully covariant. The theory is based on the reinterpretation of Adler's linear line element as ds = γµ λγ µ , where λ is the characteristic length of the theory. We name this new operator as "spacetime interval operator", and argue that it can be regarded as a natural extension to the one-forms in the U (su(2)) non-commutative geometry. By treating Fourier momentum as the particle momentum, the generalized uncertainty principle of the U (su(2)) non-commutative geometry, as an approximation to the generalized uncertainty principle of our theory, is derived, and is shown to have a lowest order correction term of the order p 2 similar to that of Snyder's. The holography nature of the theory is demonstrated, and the predicted fuzziness of the geodesic is shown to be much smaller than conceivable astrophysical bounds.
I. INTRODUCTION
In Riemannian geometry, the quadratic distance function g living on a manifold M describes the structure of the tangent bundle T M uniquely through specifying the relation between quadratic line element ds 2 R and the coordinate difference dx. The quadratic nature of ds 2 R = g µν dx µ dx ν which implies Lorentz symmetry and Pythagorean theorem, is based on numerous experimental facts [1] . It is one of the foundations of general relativity (GR) and even when quantizing gravity, people usually promote it to its quantum version without modification. But in both loop quantum gravity (LQG) and superstring theories, the existence of a minimal distance measure suggests that the infinitely-differentiable geometry may be an illusion that ceases to be valid at the smallest scale. This interesting consequence of combining GR with quantum field theory (QFT) leads to the notion that spacetime structure itself may have to be modified. H.S. Snyder coined this attempt in the name of "quantized space-time" in his seminal article published in 1947 [2] .
Currently there are two major routes to tackle the quantization of spacetime. Dimensional reduction from a higher dimensional momentum space proposed by Snyder is a popular approach, which was followed by S. Majid, G. Amelino-Camelia, and others in the construction of their own versions of quantized spacetime [3] [4] [5] . The other route, first introduced by A. Connes [6, 7] , comes from partial differential equation (PDE) analysis on noncommutative space (C * algebra), where fields and Fourier * Electronic address: b98202036@ntu.edu.tw † Electronic address: r04244003@ntu.edu.tw ‡ Electronic address: pisinchen@phys.ntu.edu.tw analysis can be defined classically, with twisted measure providing non-commutativity. This approach has been proven to be extremely versatile in the pursuit of quantized spacetime as non-commutativity usually plays an important role [8] [9] [10] [11] .
Here we consider a new way of deforming spacetime algebra, first proposed by R. Adler [12] , which has its root in Clifford algebra of the tangent bundle. Instead of a bosonic structure where generators of momentum space serve as the coordinate measures, this theory treats the proper distance measure as the composition of infinite generators of Clifford structure on the tangent bundle of the position space. A continuous geodesic therefore becomes piecewise-linear and so is the manifold. As we will show by carefully defining the measure, a quantum mechanical (QM) system can be constructed on top of it. This paper is structured as following. In sec.II, we will review some important quantized spacetime models that are related to our work. In sec.III, the fundamental structure of the theory is presented. In sec.IV, we utilize the bosonization technique to relate our theory to the conventional relativistic QM. In sec.V, the position operator is constructed. The scaling law for the number of states within a certain volume and the associated holographic principle are derived as well. In sec.VI, a form of approximate momentum operator, Heisenberg commutation relation and the generalized uncertainty principle (GUP) are presented. In sec.VII, the smearing effect of our theory is deduced, and finally the conclusion is made in sec.VIII. For the sake of readability, when using subscripts/superscripts, unless defined specifically, IJKL running from 0 to 3 are for SO(3, 1) tangent bundle coordinate indices, µνλρ from 0 to 3 for 4-d coordinate indices, ijkl from 1 to 3 for 3-d coordinate indices, abcd from 1 to 3 for 3-d tangent bundle indices, αβγδ from 0 to 1 for 2-d coordinate indices, and pqrs from 0 to 3 for 4-d spin indices. We also use natural units c = ℏ = G = 1 to simplify equations, and the signature of metric g is chosen to be (+, −, −, −).
II. REVIEW ON QUANTIZATION OF SPACETIME
Snyder suggested [2] a deformation stemmed from the exponential map of a 4-d de Sitter (dS) space with "radius" a −1 embedded inside a 5-d momentum space ( dk
Next,x µ is chosen to be the momentum translation Killing vector such that it satisfies Lorentz symmetry. Then the deliberately chosen conformally flat hypersurface guarantees that the Lie derivatives of the Killing vectors must be proportional to the Lorentz transformation Killing vectors J µν :
where 
on which the Lorentz transformation Killing vectorsĴ µν locally have the same form as the traditional Lorentz transformation generatorsĴ µν =x µpν −x νpµ . Snyder's approach therefore can be viewed as a non-abelian realization of the Lorentz group. The Heisenberg relation and the uncertainty relation are twisted accordingly to be
As we will see in sec.VI, our own version of quantized spacetime carries the same uncertainty relation as Snyder's up to the first order in p 2 . An weaker deformation, called κ-Poincaré group, later invoked by G. Amelino-Camelia [4, 5] for the doubly special relativity, was first introduced by S. Majid and H. Ruegg [3] as follows:
This system can be regarded as an AdS 3 × R 1,0 hypersurface in a 5-d momentum space, where an upper bound κ for the spatial momentum | p| served as a cutoff scale for the QFT built on top of it. The realization of a maximally symmetric momentum space and the flat p 0 direction implies a vanilla Lorentz group constructed frompx and a linear action on p 0 . Note, however, that the cylindrical structure implies a non-linear Lorentz boost N i on the spatial momentum
A maximally achievable spatial momentum κ therefore corresponds to an infinite energy p 0 . In sec.VI , we will demonstrate that there also exists a maximal spatial momentum with finite energy in our theory. However, their commutation relation and accordingly their generalized uncertainty relation, share no similarity to our result. Another work that is closely related to what we propose here is the angular momentum space theory introduced by Shahn Majid [8] , where the group structure of the angular momentum operator, SU (2), is considered as a deformation of the 3-d spacetime
The most surprising feature of this theory is that the construction of the differential structure through C * algebra implies the existence of a fourth direction, which supposedly is the time. Assuming the completeness of the Lie algebra, the commutation relation of the 1-form and the exterior derivative of the Fourier mode are
where d stands for the exterior derivative, dx i = σ i /2 and dτ = I 2 /2, σ i are the Pauli matrices, I 2 is the identity operator, k is the Fourier momentum with k 2 = k a k a , and k · x = k a x a . Majid regarded this theory as a 3-d remnant of q-deformed poincaré group theory [13] . We will show that what we propose is another way of extending the theory to 4-d, by regarding SU (2) group as Clifford algebra on 3-d Euclidean manifold, or by focusing on connected subgroup of the Spin(3, 1).
Following a completely different reasoning, R. Adler arrived at a quantized spacetime as follows. Considering the Riemannian distance functional ds 2 R = g µν dx µ dx ν , a natural way to get the operator spectrum, other than the spectral square root [14] , would be via Clifford algebra. One then obtains a linear functional ds L = γ µ dx µ connecting the coordinate difference to the linear line element. The prize to pay is that the new transfer functional γ µ , which was chosen to be the chiral gamma matrix, is a matrix instead of a pure number.
To compensate that, Adler reinterprets the distance functional as a QM object, called "linear line element operator", whose eigenvalue is the proper distance and the state describes an eigen-direction along which the performed measure is completely certain.
whereds stands for the linear line element operator, γ µ are the chiral gamma matrices, and ǫ µ is the expectation value of the distance functional. The subscript A in ds A indicates that this is Adler's version of line element. In addition, Adler assumes that the traditional picture of the infinitely differentiable manifold should be replaced by a piecewise-linear manifold with the curve length
where (i) indicates the site and ∆x = λdx is the discrete coordinate difference. So instead of the Killing vector of a curved momentum space serving as the coordinate measure or a twisted commutation relation of position operator, the proper distance is treated as the addition of generators of the spin group on classical x-space, similar to the 't HOOFT operator on a spacetime lattice. This theory introduces an uncertainty to the proper distance measure as
whereẋ µ = dx µ /ds is the 4-velocity, and ǫ µ is the preferred direction that minimizes the uncertainty. The notion of a preferred direction inevitably breaks the Lorentz invariance, unless the theory is non-dissipative or is at high temperature limit. As such, the whole purpose of using Clifford algebra to preserve Lorentz invariance is in vain. The failure of Adler's original attempt prompts us to construct a different realization of the same idea.
III. SPIN STRUCTURE AS SPACETIME QUANTUM CRYSTAL AND SOLUTION TO THE
ARROW OF TIME Following Adler's argument, the Riemannian line element ds 2 R = g µν dx µ dx ν can be discretized and factorized via the measurement of the square of the linear line element
where e is the tetrad field and { , } is the anticommutator. Care must be taken when one deals with the definition and the interpretation of the measure. In Adler's approach, Eq.(13) was used to define the braket, while Eq.(12) was interpreted as a distance functional. However, this choice suffers some drawbacks and is unsuitable for the construction of our quantum spacetime theory.
First, the linear line element operator contains the exact information one would expect to be hidden inside the Hilbert space of the quantized spacetime, i.e., the direction. In the original interpretation, the Hilbert space contains the information for the uncertainty of distance measurement rather than the direction itself. The direction of the line element is provided externally in Eq.(12) since the theory is describing a quantized distance functional, not a quantized spacetime. The existence of a favored direction that minimizes the uncertainty also breaks Lorentz invariance and isotropy at the smallest scale. The salient feature of Lorentz symmetry in Adler's theory (Dirac's way of taking square root clearly is Lorentz invariant) is therefore lost.
Second, when one measures the proper distance of null eigenstates (which should be quite common given the fact that all particles are massless prior to electro-weak symmetry breaking) along any direction, because of the choice of normalization the proper distance would always be zero. So for a null state even if the curve is not along null direction the proper distance would still be null. To wit, the measure of proper distance is completely uncertain for a non-null displacement on a null state.
Third, the outcome of the linear distance functional depends heavily on the choice of the representation of the Clifford algebra. A complex representation could result in a complex proper distance, which would be a radical departure from GR. Although Adler tries to address this issue by fixing the representation, the problem still exists as long as the proper distance, being a physical measure, is not a scalar of Clifford algebra, i.e. not representation independent.
Clearly, these observations indicate the necessity of reinterpretation of Adler's linear line element and a new choice of normalization. We look for a new definition that should satisfy Lorentz symmetry, should not have preferred direction, should produce reasonable results for null states, and should be independent of the choice of the representation.
So we give up Eq. (13) and introduce a new operator ∆X I , called "spacetime interval operator":
Here λ is the characteristic length of the quantized spacetime that is of the order of Planck length and will be de- This new measurement is not a distance measure at all, but a local spacetime interval operation on the exponential map of Riemann Normal Coordinate. One should not misinterpret the operator as a coordinate difference operator, since it actually lies on the tangent bundle of the manifold. A better way to understand it is to treat it as a discretized version of the velocity 4-vector. Only when combined with the tetrad does the coordinate difference measure ∆X µ reappear. Just like the components of a vector in GR, ∆X I (gamma matrices) are not physical objects. To measure the velocity of a particle one needs a two-particle interaction, and the physical object is the inner product r I ∆X I , where r I is the classical trajectory of a probe particle expressed in the same representation as ∆X I . No matter what representation of Clifford algebra that we choose, the measurement is always a scalar. Therefore all the derivations and results we obtained are representation independent. The only exception is that in Sec. VI, where for convenience we require the realness of ∆X I in our derivation of GUP. However, one should obtain the same GUP regardless of the representation used.
The new choice of interpretation also implies the existence of an underlying minimal distance. Due to the special structure of Clifford algebra, one can immediately obtain ∆X I ∆X I = λ 2 for non-null cases and 0 for null cases, implying that there are uncertainties within the spacetime interval measurement similar to what was obtained in Ref. [12] , where the uncertainty lies on proper distance measurement. But in our case even such uncertainties are Lorentz invariant. One may try to obtain the variance of interval measure:
var (ds R ) = ∆X
Here n I = ∆X I , r I is the ruler, and A · B = η IJ A I B J is the inner product. Clearly along eigendirection there is no uncertainty at all since it is the direction where eigenstates are defined. However along the transverse direction the measurement is completely uncertain. From this point of view the behaviour of the spacetime interval operator is exactly the same as spin operators in relativistic QM. They both have 3 definite quantum numbers, i.e., S 2 /∆t, S/∆ X along spatial eigen-direction, and helicity/∆V 3 the spatial 3-volume. There are also other possible ways of labelling Hilbert space, which are shown in Table I .
Näively, in SO(3, 1) system there are 4 quantum numbers: the 4-momentum. However they do not correspond to the quantum numbers in our theory since the momentum operators do not commute with each other. Only at the decoherence limit will the additional 4 quantities, eigen-direction, spatial 3-volume along eigen-direction and proper distance, emerge.
An important feature of Adler's original interpretation is that the proper time difference ∆s ∝ γ µ can have two eigenvalues of same magnitude but opposite sign. Therefore in his theory it is permissible to move backward in time, zigzag around the same spot at high temperature if no rule forbids the excitation of these states. However in our interpretation, time difference is now proportional to the identity operator due to the choice of measure, rendering its expectation value positive definite. Thus arrow of time problem is perfectly solved without invoking second law of thermodynamics.
In Ref. [12] , Adler suggests that one may take these tiny line elements as building blocks of a curve, without specifying what kind of curve it is. Since in the original paper the measurement of linear line element operators are associated with SO(3, 1) proper distance, this curve resembles a geodesic, called "quantized geodesic" due to its discrete nature. Under our spacetime interval operators, the link to the geodesic becomes more explicit since a trajectory is specified along the geodesic as
Here |C is the composite state for geodesic, and (i) indicates the i-th site along the geodesic. Following the usual convention in special relativity, the positive eigenvalue of proper distance ∆s = ± √ ∆s 2 is chosen due to the positivity of the time difference.
IV. CONSTRUCTING ACTION THROUGH BOSONIZATION: A LOW ENERGY LIMIT OF WORLDSHEET THEORY
Up until now our theory is still presented in a schematic way where the operators and the measure were not derived from first principles. Given Eq.(22), we can deduce that a worldline action in terms of bi-fermionic fields exhibiting bosonic behavior should describe our theory. A natural tool to attain this action would be the bosonization in 2-d QFT [16] . By considering the worldline as the low energy limit of a cylindrical worldsheet, we may apply the fermionization on the worldsheet action and compactify it back to 1-d.
Considering the worldline action for a relativistic particle
where τ is a parameter along the particle trajectory, and ξ is an axillary field with equation of motion
One can describe it as the Kaluza-Klein ground state of the worldsheet Polyakov action on a cylinder through compactification along small perimeter L ≪ m
where l s = L/ (4πm) is the string length, σ 0 = τ , and σ 1 is the compactified direction. Up to now we still cannot apply the fermionization. A naïvely fermionized action would be ambiguous as the group structure of the system g (X) is still undetermined. To avoid such problem one may rely on tetrad formalism to pull g back to Minkowski metric η and obtain a SO (3, 1) theory
where the tetrad field e should be a functional of X, ∇ α is the covariant derivative which annihilates the tetrad ∇ α e = 0, ω I Jα is the antisymmetric spin connection, and Γ I Jα is the symmetric affine connection. The SO (3, 1) spacetime group can now be replaced with the Spin (3, 1) group, making this theory a spacetime bi-fermion theory. The new action under the gauge condition Γ I Iα = 0 would be
where / A = γ I A I and D α / χ is the generalized velocity of the Spin (3, 1)-valued worldsheet scalar / χ of dimension [m 0 ]. Notice that D 0 / χ is exactly the continuum limit of Adler's linear line element operator, indicating that we are on the right track. Since the mapping from worldsheet space to Spin (3, 1) space is trivial for K-K ground state, both E. Witten's approach [17] and Steinhardt's [18] preserve the symmetry after fermionization. Therefore one can fermionize the theory by checking the bozonization dictionary:
, where φ is a real scalar of dimension [m 0 ], η is a 2-d worldsheet Majorana spinor of dimension [m 0 ], σ α are the 1+1-d Majorana-Weyl matrices , and σ 2 = σ 0 σ 1 . For the sake of simplicity we have rescaled both η and φ by a factor of √ 4π. Applying these rules to Eq.(36) one arrives at
where c is a 4-d spacetime spinor valued 2-d worldsheet Majorana-Weyl spinor. From constraints of the K-K ground state and the bosonization dictionary one immediately obtains
where / v is the velocity. To satisfy these two requirements the only possible solution would be
where ψ 0 is a normalized spinor with ψ † 0 ψ 0 = 1, and C is the usual hermitian charge conjugation operator that transformsψγ µ ψ to −ψγ µ ψ. Finally we can obtain the compactified action and the geodesic equation in terms of fermionic field ψ
Since the worldsheet spinorcc is conserved, from Eq.(39) and the identity
we obtain
where v 2 = v I v I , q is a scalar constant in terms of v 2 , and spacetime is quantized accordingly with the characteristic length
Eqs.(22) to (24) can be re-derived respectively as
Since in this section we focus on eigenstates of the spacetime interval operator ∆X I ,ψψ must vanish. If the constraint Eq.(44) is substituted withψψ = const., from Eq. (39) and (48) we immediately obtain
Therefore we show that the quantization scheme introduced in sec.III can be reproduced explicitly. A phenomenological effective action is proposed by Adler [12] as
where ǫ µ is the preferred direction and (i) indicates the site. This action is problematic not only because it has a preferred direction, but also because the propagator of the associated particles would be a tadpole since the action is linear in X µ . This problem is solved naturally in our theory since we write down the action by directly fermionizing the worldline action with the usual p −2 propagator.
V. COMPOSITE NATURE AND NON-COMMUTATIVITY OF SPACETIME MEASURES
Following the same idea presented at the end of sec.III, we can finally define the position operator and the position eigenstate. Since
one can obtain the form ofX µ and its eigenstate |x :
where ⊗ is the direct product, ⊕ Considering the fact that the commutator of position operators vanishes at large scale, the spacetime interval operators of different sites should commute as long as they are far apart from each other. The simplest assumption would be
The structure of the spacetime interval operator under this assumption resembles the spin operators in the 4-d Heisenberg model, which is also classical in exterior space but fermionic on site. Notice that the dynamics of the Heisenberg model is completely determined by the Hamiltonian and the commutation relation between nearest neighbors, so does our theory. The assumption we made is therefore equivalent to turning off the non-local dynamics of null geodesic. This makes the structure of the theory greatly simplified, but still provides sufficient insight to the properties of the position operator and the spacetime itself. It is now straightforward to derive the commutation and anti-commutation relations:
where ⊗ i =q =j I (q) is the direct product over all sites except the i-th site and the j-th site. At the large scale limit these relations match the classical results. Non-classical parts of both the anti-commutator and the commutator are of the order of λX. The physical quantity corresponding to these corrections are basically the sum of the "surface area" of the discrete spacetime along the curve linking from the origin to the point X. It is clear that the spacetime in this work, contrary to those of most other theories, is neither commutative nor anti-commutative. Another important aspect of non-commutativity of spacetime is the holographic nature of our theory. Since the position eigenstates are composite, there are only (N + 1) 2 distinguishable and physically acceptable configurations for states composed by N line elements. A 2-line-element state therefore resembles a composite spin-1 particle, with the proper distance and the area quantum number of the former corresponds to the charge and the spin of the latter, respectively, both with quantum numbers (1, 0 or − 1). Therefore it is with no doubt that only O N 3 different states are allowed within a 4-sphere, implying that the spacetime information can be written in a 3-dimensional quantum language. With the equation of motion in Eq.(47), the degree of freedom, or entropy, is proportional to surface area of the system.
VI. GENERALIZED UNCERTAINTY PRINCIPLE AND U (su(2)) MODEL AS SEMI-CLASSICAL 3+1 DECOMPOSITION
In QM, one can define a translation operatorT (ǫ) in terms of the momentum operator:
which satisfies the commutation relations
Clearly as long as the inversion of the exponential operator exists, one can reversely construct the momentum operator in terms of the translation operator defined above:
So instead of defining the momentum operator directly, we choose to define the eigenstate of the translation operator, a.k.a. the plane wave solution, for it is less ambiguous, more visualizable, and easier to define. Since the time direction has nothing to do with our topic of interest (GUP) for the moment, for the sake of simplicity, we will restrict the system to a simpler one with the existence of foliation and use ADM formalism to reduce the dimensions down to three. The system can be understood as a spin chain in the zero temperature limit, with the coordinate measure being the total spin. This system can be reinterpreted as a bosonic system with SU(2) symmetry even at the quantum level, as demonstrated in the non-abelian bosonization. A naïve guess from QM is that the total spin operator, or the spatial coordinate operator, is now a SU(2) operator of all representations. One can therefore regard this system as exactly the same one in Ref. [8] . As shown in Eqs.(9) to (11) , an immediate conclusion would be the existence of an exterior derivative that can be treated as a momentum operator:
where p i is the projected momentum that generates translation along x i , andp i is its 1-form component. One can therefore compute the uncertainty relation through
In the low momentum limit ( k small and x → 0), we obtain
The GUP of our theory is of the usual form. (e.g., Snyder's GUP in Eq.(6) is identical to ours with relation λ = √ 2a)
VII. ASTROPHYSICAL TEST
It is straightforward to apply the quantized geodesic obtained in Sec.V to trajectories of cosmic rays, which may serve as an astrophysical test for this theory through the smearing of particle trajectory. Consider, for example, the null geodesic of a 10 MeV photons emitted from a gamma ray burst afterglow at high redshift (z ≈ 10). Because the Lorentz invariance is manifest in our theory, the smearing effect occurs only along the perpendicular direction. Assuming Gaussian distribution of photons at source, we find, from Eq.(26) and Eq. (27) , that the smearing of the photon is of the order of Eλ 2 d S (z ≈ 10) ≈ 10 −14 λ meter, where
is the rescaled distance taking the rescaling of the variance into account, E is the GRB characteristic energy, and λ is the scale of our theory in the unit of the Planck length. Clearly it's impossible to identity such tiny effect in the near future.
Let us consider an EeV neutrino at high redshift (z ≈ 10) as another example. The smearing for massive particles along the perpendicular direction is of the order of E mν λ d S (z ≈ 10) ≈ 100 √ λ meter. For time-like geodesic, in addition to perpendicular direction, there are also variance in proper distance, which allow us for more precise measurement. The smearing is at most 3λt P T (z ≈ 10) ≈ √ λ picosecond, where t P is the Planck time and T is the time taken from z = 10 to z = 0. One possible way to probe the smearing of the arrival time is by observing both neutrinos and gravitational waves from a single merger event of the black hole-neutron star binary. Since typically the neutrino flux bumps up sharply 0.5 ms after the merger event [19] , a time-resolution of 0.5 ms can be achieved by detecting neutrinos right after the detection of the gravitational merger event. The resolution of λ is therefore of the order 10 −17 meter. An improvement on the simulation could possibly enhance the time-resolution in this merger scenario and allow a tighter constraint on the value of λ.
VIII. CONCLUSION AND FUTURE WORK
We show that a non-commutative spacetime theory can be constructed on top of Adler's "linear line element", and derive the associated action from the fermionization of the K-K ground state of the Polyakov action on a cylinder. The theory is shown to be holographic, and passes the astrophysical tests on the smearing effect and Lorentz invariance violation. The theory can also be regarded as the 4-D extension to the U (su(2)) model, and from there the generalized uncertainty principle is derived.
The theory is quite potent, and many aspects of the theory still remain unsolved. E.g., one may try to fix the Bekenstein-Hawking coefficient k inside Bekenstein's formula S = kA/4. We have also introduced kinematics of the theory only. The dynamics of the theory can be introduced through adding loop quantum gravity to the theory, or by adding back the K-K tower of the worldsheet excitation. Interestingly in loop quantum gravity [20] , it has been argued that the length operator should be defined through Dirac operators. It remains curious whether our work can be served as a representation that can describe length, area and volume easily without introducing the spectral decomposition [14, 21] .
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